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Abstract

The critical speeds of a moderately thick circular spinning disk are determined using the Mindlin
plate theory, which includes shear deformation and rotational inertia. A combination of analytical and
numerical methods is used to calculate the four lowest critical speeds for a centrally clamped uniform
circular disk and for different thicknesses and clamping ratios. Comparisons between the critical speeds
and the corresponding critical speeds for the classical theory, which neglects shear deformation and
rotational inertia, are made. The displacement response at the position of the applied force is also
determined for different thickness and clamping ratios and compared with the corresponding results from
the classical case.
r 2005 Elsevier Ltd. All rights reserved.
1. Introduction

The literature contains numerous descriptions and applications of various plate theories. In the
classical linear thin plate theory, introduced by Kirchhoff (see e.g. Ref. [1]), the effect of transverse
shear deformation is neglected. Thus this theory assumes that the normal to the undeformed
middle plane remains straight and normal to the deformed middle plane of the plate. Based on
these assumptions, the governing differential equation is of fourth order in conjunction with two
boundary conditions at each edge. Starting in 1945 with Reissner [2], several investigators have
see front matter r 2005 Elsevier Ltd. All rights reserved.
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Nomenclature

a outer radius of the disk
b inner radius of the disk
h thickness of the disk
p Fourier mode number
q0(r, y) external transverse force
r radial coordinate
t time
ur radial displacement of the disk
uy tangential displacement of the disk
uz axial displacement of the disk
w transverse deflection of the disk
z axis normal to the plane of the disk
D flexural rigidity ¼ Eh3=½12=ð1� n2Þ�
E Young’s modulus
F Fourier component of the angular

rotation of the normal to the middle
plane in radial direction

H Fourier component of the angular
rotation of the normal to the middle
plane in circumferential direction

G modulus of rigidity
Mrr radial bending moment per unit length
M̄RR dimensionless radial bending moment

per unit length
Mry twisting moment per unit length

M̄Ry dimensionless twisting moment per unit
length

Myy tangential bending moment per unit
length

M̄yy dimensionless tangential bending mo-
ment per unit length

Qr radial shear force per unit length
Qy tangential shear force per unit length
Q̄0 Fourier component of the external

transverse force
R dimensionless radial coordinate
T dimensionless time
V Fourier component of the transverse

deflection of the middle plane disk
W dimensionless transverse deflection of

the disk
y angular coordinate (body-fixed)
k2 shear coefficient ¼ p2=12
n Poisson’s ratio
r mass density of the disk
f angular coordinate (space-fixed)
cr; cy angular rotations of the normal to the

middle plane in radial and circumfer-
ential directions

o angular velocity of the disk
O dimensionless angular velocity of the

disk
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made improvements to Kirchhoff’s theory by including the effect of transverse shear deformation.
Because this paper had the most impact upon this subject, the thick plate static theory is usually
referred to as Reissner plate theory. The dynamic thick plate theory, which carries Mindlin’s name
[3], also includes the effect of rotary inertia as it is necessary in dynamics. Mindlin’s theory regards
the normals to the original middle plane to remain straight but not necessarily normal to the
middle plane after deformation, i.e. it allows these lines to rotate with respect to the middle plane.
These effects cause the governing differential equation to be of six order and subject to three
boundary conditions along each edge.
The determination of the dynamic response of rotating disks, i.e. the mode shapes, natural

frequencies and critical speeds, is an important prerequisite to the design of rotating equipment.
Classical applications include bladed disk assemblies (for turbines) and flywheels. The earliest
study of a vibrating, spinning, elastic disk appears to be that of Lamb and Southwell [4], who
derived the linearized equations of transverse deflection and identified the respective contributions
to the equations from bending stiffness and in-plane stress due to rotation.
Over the past 20 years, another important use of rotating disks has been in the magnetic and

optical storage of data either on hard or flexible disks. Thus many authors have studied spinning



ARTICLE IN PRESS

H. Eid, G.G. Adams / Journal of Sound and Vibration 290 (2006) 209–222 211
circular and annular plates extensively. Iwan and Moeller [5] used an approximate method in
order to estimate the stability characteristics of a rotating disk subject to a concentrated
transverse load system. The problem of a stationary nonaxisymmetric load distribution acting on
a rotating disk was studied by Benson and Bogy [6]. They found that the membrane operator was
singular so that the effect of bending stiffness, no matter how small, still had to be included in the
problem formulation. The steady-state response of a flexible thin spinning disk with a transverse
load has been studied by Benson [7] near the singular limit of an extremely small ratio of bending
to membrane stiffnesses.
Adams [8] studied the effect of a baseplate, as in a magnetic recording application, on the

critical speeds of the spinning disk. The presence of the baseplate beneath the disk causes the disk
to deform downward toward the baseplate resulting in a stabilizing effect on its transverse
motion. In Ref. [8] an elastic foundation is used to approximate the effect of a thin air film
separating the spinning disk from the stationary baseplate. Its presence tends to raise the critical
speeds of the disk. Benson and Takahashi [9] reviewed the study of the basic mechanical behavior
of elastic spinning disks with an emphasis on magnetic storage applications. The resonance and
stability issues that affect the magnetic recording interface were identified. The mechanisms that
allow the resonance characteristics of the disk to be improved, either by spinning the disk in close
proximity to a baseplate or by using a ‘‘stretched surface’’ disk, were elucidated. The presence of a
recording head can excite resonance, but if properly constructed can enforce a close spacing and
high coupling stiffness between the head and the flexible media.
Hosaka and Crandall [10] studied the self-excited vibrations of a flexible disk rotating on an air

film above a flat surface without a load system. They solved the coupled disk and air-film
equations based on the finite difference technique and compared the results with a single-mode
approximation, getting good agreement of the two techniques in calculating the critical speeds.
Huang and Mote [11] included two wall enclosure designs. The maximum stable speed for a
floppy disk rotating near a rigid surface is shown to be more than 15 times greater than this
maximum stable speed without an air film. Renshaw [12] used Lyapunov’s method of nonlinear
dynamic stability to determine the critical speed of a flexible spinning disk enclosed in a housing
that hydrodynamically couples the transverse motion of the disk to the motion of the thin air films
surrounding the disk. The hydrodynamically coupled critical speed is three to ten times higher
than the uncoupled critical speed, depending on the clamping ratio.
Lee et al. [13] experimentally studied the dynamic response, critical speeds and aerodynamic

flutter instability of various optical disks. An experimental estimation technique for the flutter
speed of a hard disk based on the measurements taken at subcritical speed, is presented by Hansen
et al. [14]. An experimental method for predicting flutter of a spinning disk in a fluid medium,
based on the rotating damping model where the relationship between the speed of the disk and the
damping force is obtained experimentally, is proposed by Kim et al. [15].
Chen and Bogy [16,17] investigated the stability of a flexible disk drive by including the effects

of pitching parameters and frictions forces in the load system. Phylactopoulos and Adams [18]
investigated the free vibration of a rectangularly orthotropic annular spinning disk. The forced
response of a rectangularly orthotropic spinning disk to a point-load, including the determination
of critical speeds is found by Phylactopoulos and Adams [19]. Liang et al. [20] studied vibration
and stability of a spinning polar orthotropic disk with a concentrated transverse load modeled as
a mass–spring–dashpot system.
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Lacey and Talke [21] studied the effect of transverse shear deformation on the spacing in the
tape-to-head interface of a longitudinal magnetic recording tape device. The effect of shear
deformation would, at first, appear to be negligible because the ratio of tape thickness (28mm) to
tape span (10 mm) is extremely small. However, the magnetic head is 0.35mm in length and it is a
self-acting air bearing with a complex pressure distribution within a small portion (100 mm) of the
recording head which produces the tape deflection. Thus the ratio of tape thickness to this
characteristic length becomes a significant factor in predicting the head-to-tape spacing [21]. The
effect of shear deformation was important in this crucial region of the head-to-tape interface.
Without shear deformation the maximum spacing in the central 50mm region was about 95mm
whereas with shear deformation it was approximately 75 mm. It may appear counterintuitive that
this displacement is less with shear deformation than it is without. Note, however, that in this
nonlinear problem the air bearing force, with shear deformation, is decreased because the
additional compliance allows the tape to conform more closely to the head profile.
In this paper, the critical speeds and the response of a spinning disk to a stationary load are

studied using the assumptions of the Mindlin theory of thick plates, which includes the effects of
transverse shear deformation and rotary inertia. Comparisons are made with available solutions
which use the classical plate theory [8]. In addition to being of general theoretical interest, the
effects of shear deformation and rotational inertia may be important in magnetic recording
applications on flexible disks. As in magnetic tape devices, the characteristic length is a small
fraction of the recording head length. Thus although the disk thickness may be an extremely small
fraction of the disk radius, it may be a reasonable fraction of this characteristic length associated
with a portion of the recording head.
2. Mathematical model formulation

The dynamical governing equations of motion of the spinning Mindlin circular disk are
obtained [3,22, and 23] in terms of the stress resultants, by applying Newton’s second law to a
differential element as shown in Fig. 1
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where the displacement field components in Mindlin’s theory of plates are assumed to have the
forms

ur ¼ zcrðr; y; tÞ; uy ¼ zcyðr; y; tÞ; uz ¼ wðr; y; tÞ . (2)
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Fig. 2. Rotating flexible disk acted upon by a stationary load distribution.
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Fig. 1. Displacements and stress resultants on a differential element of a circular disk in cylindrical coordinates.
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The quantities cr and cy correspond to the angles of rotations of the normal to the cross-section
(in the rz-plane and in the yz-plane, respectively) which produce radial and tangential
displacements respectively through the plate thickness.
The faces of the disk are taken to be free from tangential traction but are under normal pressure

q0ðr; y; tÞ which, in a magnetic recording application, acts in the air bearing between the disk and
the read–write head (Fig. 2). In Eqs. (1), the corresponding bending moments per unit length
ðMrr;Myy;MryÞ and shear forces ðQr;QyÞ per unit length in a linearly elastic and isotropic circular
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Mindlin disk can be written in terms of the lateral deflection w and angular rotations cr;cy using
the stress–strain laws for plane stress as
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qcr
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n
r
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qcy

qy
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, (3)
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� �
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In Eqs. (1)–(7) h and E are the uniform disk thickness and Young’s modulus, respectively, and
D ¼ Eh3=½12ð1� n2Þ� is the bending rigidity. Furthermore, wðr; y; tÞ is the transverse displacement
of the middle plane of the disk at the polar location (r, y) and at time t. Finally, n and r are the
Poisson’s ratio and mass density of the disk, respectively and the value of p2=12 is used for the
shear correction factor k2 [22].
Corresponding to a spinning disk clamped at its inner radius ðr ¼ bÞ and free at its outer radius
ðr ¼ aÞ, the expressions for in-plane centrifugal membrane radial and tangential stresses are
denoted by srr and syy in Eqs. (1). These stresses are proportional to the square of the disk angular
velocity o, are independent of y, and can be found by integrating the displacement form of the
radial equation of motion for the spinning disk. The stresses srr and syy are given by [8]

srrðrÞ ¼
ro2

8
ð3þ nÞða2 � r2Þ 1þ

1� n
3þ n

gb2=r2
� �

, (8a)
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ro2

8
ð1þ nÞðb2 þ ga2Þ � ð1þ 3nÞr2 � ð1� nÞgb2a2=r2
� �

, (8b)

where the dimensionless parameter g is defined as

g ¼ ½ð3þ nÞa2 � ð1þ nÞb2
�=½ð1þ nÞa2 þ ð1� nÞb2�.

The following dimensionless quantities are now introduced:

R ¼ r=a; W ¼ w=a; CR ¼ cr; Cy ¼ cy,

Q0 ¼ q0=G; M̄R ¼Mr=ðD=aÞ; M̄y ¼My=ðD=aÞ; M̄Ry ¼Mry=ðD=aÞ , (9)
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t
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ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
rð1� n2Þ=E

p
:
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The dynamical equations of motion of a circular disk in dimensionless form are then transformed
from a body-fixed frame of reference (R; y;T) to a space-fixed reference frame (R;f;T), by using a
Galilean transformation. The angular coordinates of the two reference frames are related to each
other by

f ¼ yþ ot ¼ yþ OT . (10)

Assuming that the derivatives of cr;cy and W with respect to T are zero in the space-fixed
reference frame ðR;fÞ, leads to the steady-state solution. By using the non-dimensional quantities
in the space-fixed frame (9), Eqs. (3) can be rewritten as
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where Z ¼ 6k2a2ð1� nÞ=h2.
To avoid the singularity in Mindlin disk theory due to the shear deformation effect when the

external normal force q0ðr; yÞ is a concentrated point load, it is convenient to express the external
load using the Heaviside step function Hð�Þ in the ðr;fÞ directions. The load is assumed to act
over a finite area of radial length Dr and angular extent Df, with center at the position ðR0; 0Þ. The
dimensionless form of ~Q0ðR;fÞ in the fixed-frame reference is mathematically expressed as

~Q0ðR;fÞ ¼
1

R0 DRDj
H

DR

2
� R� R0j j

� �
H

Dj
2
� f
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, (12)

i.e. it is a uniform load in a sector-shaped region.
In order to eliminate the angular coordinate, we expand the transverse deflection, angular

rotations of the normal to the middle plane, and the external force as exponential Fourier series
using
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This procedure leads to three infinite sets of second-order ordinary differential equations for the
Fourier components of the deflection and the angular rotations, i.e.
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where s1;2;3;4;5 represent the membrane stiffness effect of the centrifugal stresses sRR;sff
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From Eq. (12) the Fourier component Q̄0 of the external force can be written as

Q0ðRÞ ¼
1

2pR0DR
H

DR

2
� R� R0j j

� �
. (16)

In the case in which the disk is free at the outside radius, the radial moment, twisting moment,
and radial shear each vanish, i.e.

Mr ¼Mry ¼ Qr ¼ 0 at r ¼ a: (17)

When the disk is clamped at the inside radius, the angular rotations of the normal to the middle
plane and transverse deflection of the disk are zero, i.e.

cr ¼ cy ¼ w ¼ 0 at r ¼ b: (18)

The boundary conditions can be rewritten by eliminating the angular coordinate using the
exponential Fourier series forms (13) in dimensionless forms related to the fixed-frame reference
ðR;fÞ as

dFp

dR
þ n½Fp þ ðipÞHp� ¼ 0; ðipÞFp �Hp þ

dHp

dR
¼ 0; Fp þ

dVp

dR
¼ 0 at R ¼ 1, (19a)

Fp ¼ 0; Hp ¼ 0; Vp ¼ 0; at R ¼ b=a; (19b)

where p ¼ �1 to N.
The infinite sets of second-order ordinary differential equations (14) can now be solved

using the standard finite difference scheme [24], subject to boundary conditions obtained from
Eq. (19a, b) with Eq. (13a–c). The disk deflection at any point is given by

W ðR;fÞ ¼ V0ðRÞ þ 2
X1
p¼1

VpðRÞ cosðpfÞ (20)

in which the symmetric loading has been used to simplify the solution. The method just outlined
gives us a procedure for determining the disk deflection for an arbitrary prescribed pressure.
3. Numerical applications and discussions

For the sake of numerical comparison, the case of a disk modeled using the classical linear thin
plate theory is adopted from Ref. [8]. By applying finite difference approximations to the
differential equations (14a–c) with vanishing external transverse force, along with the boundary
conditions (19a–b), three sets of linear homogenous algebraic equations results for each value of
p, which has nontrivial solutions only for certain values of the dimensionless angular velocity (O).
Thus the vanishing of the determinant determines the critical speeds (Oc) at which the spinning
disk is unable to support arbitrary spatially stationary load distributions. Each calculation was
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done using 100 grid points, although these results differed from those obtained with 200 grid
points by less than 0.6%.
It is noted that each normal mode of vibration, when viewed in a reference frame rotating with

the disk, can be considered as the sum of two oppositely traveling waves of equal wavelength and
amplitude. At a critical speed, the speed of the back-traveling wave is equal to the rotational speed
of the disk and is therefore stationary in space. Hence a stationary load causes an unbounded
response of the disk.
Figs. 3(a)–(d) display the influence of rotary inertia and transverse shear deformation on the

dimensionless lowest critical speed (Oc) for each Fourier mode, for a range of clamping radius
ratios ðb=aÞ, and for different thickness to outer radius ratios (h=a ¼ 0:05; 0:1; 0:2) as well as for
the classical linear thin plate theory. In each instance the lowest critical speed corresponds to zero
nodal circles which is similar to what was found in other investigations [9]. From these plots, it
becomes apparent that with an increase of the clamping radius ratio, each of the critical speeds
at first decreases slightly before eventually increasing. This initial decrease may appear to be
Fig. 3. Dimensionless critical speed (Oc) vs. clamping radius ratio ðb=aÞ for various thickness ratios ðh=aÞ: (a) for mode

p ¼ 2; (b) for mode p ¼ 3; (c) for mode p ¼ 4; (d) for mode p ¼ 5.
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counter-intuitive because the bending stiffness of the disk increases monotonically with the
clamping ratio ðb=aÞ for both the classical and Mindlin disk models. However, the membrane
stress decreases monotonically with ðb=aÞ and it is this effect which causes the initial decline of the
lowest critical speed. The results presented in these figures show that, at a small thickness to outer
radius ratio ðh=a ¼ 0:05Þ, the critical speed for the Mindlin disk model approaches the classical
disk model. The difference varies from about 2% up to around 4%. The greater deviation is due
to the increased effect of transverse shear deformation for higher modes and/or for increased
clamping radius ratios.
It is also noted that there are no critical speeds for the first and the zero modes which is similar

to previous investigations [9]. It is noted that the Fourier mode number p corresponds to the
Fig. 4. Dimensionless displacement W ðR0; 0Þ vs. dimensionless angular velocity (O) for various thickness ratios ðh=aÞ:

(a) the location at R ¼ 0:6 and clamping ratio b=a ¼ 0:2; (b) the load location at R ¼ 0:8 and clamping ratio b=a ¼ 0:2;
(c) the load location at R ¼ 0:8 and clamping ratio b=a ¼ 0:4.
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number of spatial nodal diameters. Thus p ¼ 0 is an axisymmetric deformation whereas p ¼ 1
would correspond to a rigid body tilt if b ¼ 0. The p ¼ 0 critical speed would not be expected to
exist because the corresponding deflection pattern would increase the strain energy of the system
without affecting the kinetic energy. The nonexistence of a critical speed for p ¼ 1 was proven
analytically by Renshaw and Mote [25] for the classical disk. Such a proof for the Mindlin disk is
beyond the scope of this work. The reason for the lack of a p ¼ 1 critical speed is that the effect of
disk rotation is to stiffen the disk with increasing speed such that the speed of the back-traveling
wave is always greater than the rotational speed. Without disk rotation, as in the stationary disk
subjected to a moving load system [26], a p ¼ 1 critical speed does exist.
In Figs. 4(a)–(c) the displacement at the point of application of the stationary load and its

dependence upon the disk spin rate are shown for different thicknesses. The stationary load has
been taken over a finite area, with DR equal to the grid spacing in the finite difference scheme and
Dj ¼ 0:01. These results have been calculated with 20 modes and also with 40 modes; when
plotted the results were indistinguishable. Each of Figs. 4(a)–(c) is for a different combination of
clamping ratio and location of the point load. The influence of the shear deformation and rotary
inertia on the displacements is presented for different thickness to outer radius ratios (h=a ¼ 0:05,
0.1 and 0.2). Results are for the model case with shear deformation and rotary inertia included
and are compared with the corresponding classical model. The effect of increasing the disk spin
rate is most pronounced near each critical speed. As the speed increases from just below to just
above the critical speed, the displacement undergoes a 1801 phase shift with respect to the force.
This phenomenon is typical of critical speeds, e.g. Ref. [9]. Also note that as the load moves
further to the free edge of the disk and/or the clamping radius ratio decreases, the effect of shear
deformation and rotational inertia become greater and the displacement peak becomes broader.
Fig. 5(a), (b) displays the variation of the displacement (at the point of application of the load)

with position of the load. An increase of the displacement occurs with the Mindlin theory, with
that increase becoming greater when the load location moves toward the free end. This behavior is
Fig. 5. Dimensionless displacement W ðR0; 0Þ vs. dimensionless radial load location ðR0Þ for the two theories for two

dimensionless angular velocities (O): (a) with b=a ¼ 0:2 and h=a ¼ 0:1; (b) with b=a ¼ 0:2 and h=a ¼ 0:2.
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expected due to the decrease in the disk stiffness toward the free end. The increased displacement
is also more prominent for the thicker disk ðh=a ¼ 0:2Þ than for the thinner one ðh=a ¼ 0:1Þ. In
these figures, comparisons are made with the corresponding classical model at different speeds
(O ¼ 0 and O ¼ 0:9Oc). The deviation is greatest as the speed increases toward the critical speed.
4. Closure

Mindlin’s plate theory has been applied to the deformation of a spinning circular disk, centrally
clamped and subject to a stationary load. Thus the analysis includes the effects of transverse shear
deformation and rotational inertia, which are neglected in the classical plate theory. The results
for the Mindlin disk approach those of the classical disk model [8] when the thickness of the disk
becomes very small compared to the disk radius. For the thick disk model the results demonstrate
a decrease in the critical speeds and an increase in the transverse deflection of the disk. These
results are expected due to the influence of shear deformation, especially at greater thickness,
larger clamping radius ratios, and for higher modes. This model is of general theoretical interest.
In addition it may have relevance in magnetic recording applications even in situations where the
disk thickness is a very small fraction of the radius. This is because the characteristic length is
dictated by the geometry of the recording head rather than by the disk radius. A similar situation
was encountered in magnetic tape applications [21].
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